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Abstract 

We calculate the disk level S-matrix element of one Ramond-Ramond, two gauge 
field and one tachyon vertex operators in the world volume of non-BPS branes. 
We then find the momentum expansion of this amplitude and show that the 
infinite tachyon/ massless poles and the contact terms of this amplitude can 
be reproduced by the tachyon DBI and the WZ actions, and by their higher 
derivative corrections. 



1 Introduction 



Spectrum of non-BPS branes has tachyon, massless and infinite tower of massive states. 
Even though the mass scale of tachyon and the massive states are the same, there are 
various arguments that indicate there must be an effective theory for non-BPS branes that 
includes only the tachyon and the massless states [1] . The effective theory should have two 
parts, i.e., 

Snon-BPS = S^BI + Sy/Z 

where Sdbi / Swz should be an extension of DBI/WZ action of BPS branes in which the 
tachyon mode of non-BPS brane are included appropriately. 

One method for finding these effective actions is the BSFT. In this formalism the kinetic 
term of tachyon appears in the DBI part as [2], [3] 

Sdbi ~ j <F^'a e-'-^\F{2'Ka' D^TD^T) + ■ ■ ■) , ^(^) = ^^^^ (1) 

where dots refer to the gauge field couplings. When tachyon is zero, they are given by the 
DBI action. The WZ term in this formalism is given by [21 [3] 

Swz = fi'J CAStre*2W.F (2) 

"'^(p+i) 

in which the curvature of superconnection is 

- y p'DT iF - p'^T^ ) ' 

and P' is a normalization constant with dimension 1 / ^/a'. 

Another method for studying the effective action of non-BPS branes is the S-matrix 
method. In this formalism the kinetic term of tachyon appear in the DBI action as [H [6] 



Sdbi ~ J rf^+VSTr (^V{TT)^ 1 + ^[T\Tj][T^ ,T']) (3) 



det{r]ab + 27ra'Fab + 27ra' DaT^{Q-^yWbT^) 
where V{T'T') = e— ^"^V2^ ^nd 

Qij = IS^^-i[T\T^] (4) 
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The superscripts i,j = 1,2, i.e., = Tai, = Ta2 and there is no sum over o\ 
and (72 are the Pauh matrices. After expanding the square roots one should choose two 
of the tachyons to be and the others to be T^. The trace in above equation must be 
completely symmetric between all matrices of the form Fah-, DaT"^-, [T*, T^] and individual T* 
of the potential \^(T*T*). The above action is consistent with the momentum expansion of 
the S-matrix element of four tachyons, the S-matrix element of one RR and three tachyons 
[H [6] and with the momentum expansion of the S-matrix element of four tachyons and one 
gauge field [7]. Around the stable point of the tachyon potential, the above action reduces 
to the usual tachyon DBI action [HI El [TDl [II] with potential TV(T2). The WZ part in this 
formalism, on the other hand, is given by the same WZ action as in the BSFT in which 
the normalization of tachyon is (3' = ~'\/ ^ ^P'' for non-BPS branes |4j and (3 = ^\f^^^ 
for brane-anti-brane [5]. In fact the structure of superconnection in the WZ part has been 
found first by the S-matrix method in |T2] . 

In this paper, we would like to examine the above actions with the S-matrix element of 
one RR, two gauge fields and one tachyon. So in the next section we calculate this S-matrix 
element in string theory. In section 3, we find the momentum expansion of the amplitude 
and compare it with the various Feynman amplitudes resulting from the couplings in the 
above actions and their higher derivative extensions. 

2 The four-point amplitude 

To calculate a S-matrix element, one needs to choose the picture of the vertex operators 
appropriately. The sum of the superghost charge must be -2 for disk level amplitude. On 
the other hand, the vertex operators of a non-BPS D-brane carry internal CP matrix [13j. 
Using the fact that the picture changing operator also carries internal CP matrix cxs |14j . 
one realizes that a vertex operator carries different internal CP matrices depending on its 
superghost charges. It has been speculated in [6j that the S-matrix element of n external 
states is independent of the choice of the picture of the external states only when one 
includes the internal CP matrix in the vertex operators. 

When tachyon is set to zero, the effective field theory of non-BPS branes/brane-antibrane 
must reduce to the effective field theory of BPS branes in which there is no internal CP 
matrix. This indicates that the massless fields in the effective field theory of non-BPS 
branes/brane-antibrane must carry identity internal CP matrix. For example, the RR field 
in the effective field theory of brane-antibrane must carry identity matrix because when 
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tachyon is set to zero the WZ action of brane-antibrane reduces to the WZ action of two 
stable BPS branes. This internal CP matrix is contributed to the RR vertex operator in (0)- 
picture. In other pictures, the internal CP matrix is different depending on its superghost 
picture. It has been shown in [13] that the RR vertex operator of a non-BPS brane in 
(O)-picture must carry the internal CP matrix o"i. This vertex operator in (— l)-picture 
then must carry the internal matrix a^ai. 

Hence, the S-matrix element of one RR field, two gauge fields and one tachyon in the 
world volume of non-BPS branes is given by the following correlation function: 

^AATc _ ^ J dxidx2dx3dzdz{vi^\xi)vi''\x2)V^-^\x3)V^i{z,z)) (5) 

non— cyclic 

The internal CP factor is Tr (JJo"iO"i) = 2 for 123 ordering and is Tr {IctiIcti) = 2 for 132 
ordering. The internal CP matrix of tachyon in (— 2)-picture is the same as the CP matrix 
of this operator in (O)-picture which is di. It is easier to calculate the S-matrix element in 
the following picture: 

j^AATC _ J2 J dxidx2dx3dzdz{vf\xi)vf\x2)vj,'^\x3)vtR\z,z)) (6) 

non— cyclic 

The CP factor in this case is Tr (//cr2(T3ai) = 2i for 123 ordering and is Tr (/cr2-^o"30"i) = 2i 
for 132 ordering. According to the speculation in [6], the difference between the above two 
S-matrix elements is a factor of i when the internal CP factors are included. So to calculate 
the S-matrix element ([5]) in which the vertexes carry the same internal CP matrices as the 
effective field theory, we first calculate the amplitude ([6]) and then multiply the result by i. 
The vertex operators in are given asl] 

Vf{x) = ^i(^dX'{x) + 2ik-^^\x)y^'''-^^''^X®I 

where k is the momentum of open string that for tachyon satisfies the on-shell condition 
k"^ = 1/4, and A is the external CP matrix in the U{N) group. We refer the interested 
reader to [I5] for our conventions on the RR vertex operator. 

To calculate the correlators in ([6]), one must use the following standard propagators: 

{X^'{z)X''{w)) = -7]^"'log{z-w), 
^In string theory side, our conventions set a' = 2. 
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l^(\){z)(\){w)) = -\og{z-w), (7) 

Introducing X4 = z = x + iy and = z = x — iy, the amplitude factorizes to the following 
correlators for 123 ordering: 

A""^""^ ~ J dx,dx2dxsdx,dx, {P.$i^n)MpY^iiii2,xl^'\l^'\^^'\h + h + h + h) 

xTr(AiA2A3)Tr(//a2a3(Ti) (8) 

where Xij = Xi — xj and 

Ii = <: 9X*(xi)e^*^^'"^^'^^-' : dX^ {x2)e^^''^'^^^^^ : e2iA;3.x(x3) . ^ip.x{x4,) . ^ip.D.x{x5) 
x<: Saix^) : Sf3{x5) :> 

/2 = <• dX\xi)e^^^^''^^^'^^ ■ e2«fc2.X(x2) . ^2ik3.X{x3) . ^ip.X{x4,) . ^ip.D.Xixs) 

x<: Sa{x4) : Si3{x5) : 2ik2-il)il)^ {X2) :> 

= g2jA:i.X{a;i) . ^X'' (X2)e^*'^^''^*-'^^-' : e^'^^3-X(xi) . gip.X(x4) . ^ip.D.Xix^) 

x<: S'a(x4) : Sf3{x5) : 2iki-'ijj'ijj\xi) :> 

^ ^. g2jA:i.X{a;i) . g2j/c2.X{a;2) . ^2ik3.X{x3) . ^ip.X(xi) . ^ip.D.X{x5) 

x<: Sa{x4) : S/s^x^) : 2iki-il)il)\xi) : 2ik2-ipip^ {X2) ■> 

One can perform easily the correlators of X using the corresponding propagator in (JTj). To 
find the correlator of ip, we use the following Wick-like rule [Hj for the correlation function 
involving an arbitrary number of ip^s and two S"s: 

1 (z - 2l"/2-5/4 

{r'{y,)...r-{yn)s^{z)s,{-z)) = -— ^ — ^ -A{r^-^'C-%, 

+((^^n2/i)^^Hy2)))((^'^^(2/3)r*M))(r^"-^^c-i),^ 

ibperms + ■ ■ ■] (9) 

where dots mean sum over all possible contractions. In above equation, r^"'"'^i is the totally 
antisymmetric combination of the gamma matrices and the Wick-like contraction is given 
by 

Xvi - z){y2 -z) + {y2 - z){yi - z) 



{{r{yi)r{y2))) = v'"- 



{yi-y2){z - z) 



^^,. Re\{y,-z)(y2-z)] ^^^^ 

[yi - y2){z - z) 

4 



where in the second hne the fact that yi, 1/2 are real has been used. One can use the above 
formula to find the correlation function of two 5"s and an arbitrary number of currents. 
The only subtlety in using the formula iQ for currents is that one must not consider the 
Wick-like contraction for the two ip's in one current. Using this, one can easily find the 
following standard results when there is no current and when there is one current: 

<: Saixi) : Sf^ix^) :> = x^^^'^C'^ (11) 
<: S^ix,) : Sf,{x,) : :> = ~x^,'/\^lxiiiT^'C-Xp 

In the second relation, we have not consider the Wick-like contraction for the two z/^'s since 
both of them belong to one current. When there are two currents, the formula iQ gives 
the following result: 

= <: 5„(X4) : 5^(X5) : ^^V^^lxi) : (X2) :> (12) 
= ]x%\xux,,X2,X2,)-'{{T^^'-C-%, + 2^^^^^ Iv-'^T^'C-'U ' v'^'iT^'C-'U 

J \ Xi2Xi5 / J 

Replacing the above spin correlators into ([8]) and performing the correlators over X, one 
finds 

^AATC ^ J (lxidx2dx-2,dx^dx^{P^^ {^n)MpY^ I^ii^2jX^l^^X^l^^ x^l^"^ 

X [xl!'^C-^{-ri'^x^:^ + ala^s) + aUa^a/S + a2(al)"/3 - ^hmhil'^ (13) 
where I'^ is given in f|T2|) . and 

T — \rr |4A:i.A;2|™ |4A:i.fc3|„ ™ |2fci.p| |4fc2.A:3|™ ™ \2k2.p\ iSfca-pi \p.D.p 

i — F12I Fisl Fua^isl F23I \X2aX2^\ F34X35I |a;45| 

\XaiXi2 X'^xXvi) VX41X13 X^xXvi,} 

j -.lY X\i, Xi5 \ X43 X53 \ 

a\ = -ik{ \ \ 

VX42X12 X52X12/ Va;42X23 2:52X23/ 

(4)a/3 = -ik2lXll''^{T^^C~'^)ap{x2iX2^y'' 

(a\)^p = -ihn.x~,^'\V^'C-^)^p{x^^xr^y' (14) 

One can show that the integrand is invariant under SL(2,R) transformation. Gauge fixing 
this symmetry by fixing the position of the open string vertex operators as 

xi = 0, X2 = 1, X3 00, 
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One finds the following integral: 



(fz\l - z\''\z\\z - zy{z + (15) 

where c? = 0, 1, 2 and a, b, c are given in terms of the Mandelstam variables: 

s = -{ki + hf, t = -{ki + k2f, u = -{k2 + ksy 

The region of integration is the upper half complex plane. For d = 0,1 the result is given 
in [I7j, i.e., 

^ r(i + rf + ^)r(i + ^^)r(-i-^^)r(i±^;) 



d'z\l - zl^lzWz - z)\z + zf = {2iy2''TT 

Extending the result in [1^ to = 2, one finds 

J d\\l - z\''\z\\z - zY{z + zY = {2iy2'^7i 

where 



r(-f)r(-|)r(2 + c + rf + 



Jl + J 2 

r(-f)r(-|)r(d + 2 + c + ^) 



J. - r(. + i + ^)r(i + ^)r(-i-^±|±^)r(l±^) 

Using the above integrals, one can write the amplitude (fT3l) as 



(16) 



where 



-2lTl iXlX2X3)^U^2jkimk2lTT (P-^HMpP'*'") (t + S + U + 1/2)L3 



A2 



2Tr (A1A2A3 



k2i^2j {-2k2.iiLi + 2k^.^iL2) Tr (P_^(„)Mpr'^) 



-Li i-t^iSjTr (P_^(„)MpP^) + 2k2ikiUi-^2Tr {P.^^^^MpT 



A, 



-22Tr (AiA2A3)Tr {P^$^r.)Mp)L^ 



-t{kUi){h.i2) + {k,.i2){k2.i{){s + -) 



+ {h.ii){kU2){u +\) + i(6.6)(n +\){s + \) 



The extra factor of i in A2 is coming from the extra factor of X45 = 2iy in this amphtude. 
The functions Li, L2, L3 are the following : 

2(t+.+«)-i r(-^ + l)T{-s + |) r(-t)r(-t -s-u) 



L, = (2)-^i*+^+«)-i7r 



T{-u - 1 + f )r(-t - s + |)r(-s -u + l] 



(2) 



u 



^2(t+s+u)-i /i-^ + - in-t + i)r(-t - s 

T{-u - 1 + f )r(-t - s + |)r(-s -u + D 

-2a4-.+.)^ r(-^ + i)r(-3 + i)r(-t + i)r(-t - s - ^ - 1; 



-M - 1 + |)r(-t - s + |)r(-s -u + D 



From the poles of the gamma functions, one realizes that the scattering amplitude has 
tachyon, massless and infinite number of massive poles. To compare the field theory which 
has tachyon and massless fields e.g., the WZ action, with the above amplitude, one must 
expand the amplitude such that the tachyon and massless poles of the field theory survive 
and all other poles disappear in the form of contact terms. In the next section we will find 
such expansion. 



3 Momentum expansion 

Using the momentum conservation along the world volume of brane, k\ + k\ + k\+p^ = 0, 
one finds the Mandelstam variables satisfy 

s + t + u = -pip' - 1/4 (17) 

In general, it has been argued in [T8] that the momentum expansion of a S-matrix element 
should be around {ki + kj)"^ — > and/or ki-kj 0. The case {ki + kj)'^ ^ is when there 
is massless pole in {ki + /ej) ^-channel. One can easily observe that the amplitude ([5]) must 
have massless pole only in {ki + ^2) ^-channel, so the momentum expansion must be around 

ks.ki 0, fcs.fcs 0, (fci + k2f 

Using the on-shell relations kf = k2 = and A;| = 1/4, one can rewrite it in terms of the 
Mandelstam variables as 

s -1/4, u -1/4, t ^ (18) 

The constraint (fT71) then indicates that Pip'^ 1/4 which is possible only for euclidean 
brane. This is consistent with the observation made in [191 H] that the on-shell condition 
implies that the S-matrix element can be evaluated only for non-BPS SD-branes |20j . 



7 



Expansion of the functions Li, L2, around the above point is 
/I °° 



^ ^ n=-l 

00 

+ E ep,„,^tP((s + l/4)(n + l/4)r(s + u + l/2)' 

p,n,m=0 
00 

+ E e,,„,^(s + i/4nt(w+i/4)r(t+w+i/4r) (19) 

p,n,m=0 



/ 00 

5/2 



Ec„(s + t + M + l/2)" 



— TT 

\n=0 

, T.n,ra=0 ^uAi^ + l/4)"(« + 1/4)™ + {s + l/4)-(w + 1/4)"] 



+ s + u + 1/2) 



+ E /p,n,„.(s + t + w + l/2)''[(s + M + l/2)"((s + l/4)(M + l/4))'^ 

p,n,m=0 

where the coefficients 6„ are exactly the coefficients that appear in the momentum expansion 
of the S-matrix element of one RR, one gauge field and one tachyon vertex operators [1]. 
Some of the coefficients ep^n,m, Cn, Cn,m and fp^n,m are 

5_i = 1, 60 = 0, 61 = ^vr^, 62 = 2C(3) 



1 19 

62,0,0 = eo,i,o = 2C(3), ei,o.o = ^tt^ ei,o,2 = — vr^, ei,o,i = eo,o,2 = 6C(3) 

eo,o,i = TT^r^^ 63,0,0 = 7777: 7r^> ^0,0,3 = 62,0,1 = T^^r^, ei,i,o = eo,i,i = — vr^ (20) 
o ooU 9U oU 

Co = 0, Ci = y , C2 = 4^(3), Ci,i = y , Co,o = 1 

Ci,o = Co,i = 0, C3,o = Co,3 = C2,o = Co,2 = y , ci,2 = C2,i = -84 (3) 
/o,i,o = /o,2,o = -/i,i,o = 12^(3), /o,o,i = 4^(3) 

Li has massless pole in t-channel, L2 has tachyonic pole in s-channel and L3 has tachyonic 
pole in (s + t + M)-channel. These poles must be reproduced in field theory by appropriate 
couplings. The string amplitude (fT6l) is non-zero for p = n + 'i,p = n — l and for p = n + 1. 
Let us study each case separately. 
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3.1 p = n + 3 case 

This is the simplest case to consider. Only Ai in (|T6ll is non-zero. The trace in Ai is: 

We are going to compare string theory S-matrix elements with field theory S-matrix ele- 
ments including their coefficients, however, we are not interested in fixing the overall sign 
of the amplitudes. Hence, in above and in the rest of equations in this paper, we have 
payed no attention to the overall sign of equations. The string amplitude for electric RR 
field then becomes 

A^^'^'' = T-^^3^(/u;/3Vi/2)Tr (AiA2A3)ei.6,A:i™fc2ze^'*™°-*-^i/.o....^_,(t + s + u + 1/2)1-, 

where we have also normalized the amplitude by (/ip/J'vr^/^). Apart from the group factor 
the above amplitude is antisymmetric under interchanging the gauge fields . So the whole 
amplitude is zero for abelian gauge group. The amplitude also satisfies the Ward identity, 
i.e., the amplitude vanishes under replacing each of ^* —>■ fc*. Since [t + s + u + 1/2)L, has 
no tachyon/massless pole, the amplitude has only contact terms. The leading contact term 
is reproduced by the following coupling: 

/?Vp(27ra')^Tr (Cp_4 A F A F A DT) (21) 

and the non-leading order terms should be corresponding to the higher derivative extension 
of the above coupling. This coupling is exactly given by the WZ terms (E]) after expanding 
the exponential and using the multiplication rule of the supermatrices P]. 

3.2 p = n — 1 case 

The next simple case to consider is p = n — 1. Only ^3 in (fT6ll is non-zero for this case. 
The trace in this amplitude is: 

Tr(^(„)M,) = ±^e^o■■■^,H^^^^ 
Substituting this trace in ^3, one finds 

= T^^^(/?V;vr^/^)Tr(AiA2A3)e^°-^''i/,,-v^3|-t(A:3.6)(A:3.e2) (22) 
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where we have also normahzed the amphtude by (/?'/Xp7r^/^). The amphtude satisfies the 
Ward identity and it is symmetric under interchanging the gauge fields. So the amplitude 
is non-zero even for abelian case. 

All terms in (122|) have tachyon pole in the (s + t + -u)-channel and infinite contact terms. 
We consider only the tachyon pole and show that they can be reproduced by WZ coupling 
Cp A DT and the higher derivative two-gauge-two-tachyon couplings that have been found 
in [21] . To this end, consider the amplitude for decaying one R-R field to two gauge fields 
and one tachyon in the world-volume theory of the non-BPS branes which is given by the 
following Feynman amplitude : 

A = l^°(Cp,T)G"^(T)\/^(T,T3,Ai,A2) (23) 
where the tachyon propagator and the vertex V"°(Cp, T) are given as 



In above vertex, Tr (A°) is non-zero only for abelian matrix A". The vertex V^{T, T3, Ai, A2) 
can be derived from the higher derivative of two-gauge-two-tachyon couplings [21j (equation 
(29) of [21]). They are the higher derivative extension of two-gauge-two-tachyon couplings 
of the tachyon action ([3]). Using the fact that the off-shell tachyon is abelian, one finds the 
vertex ^^(T, T3, Ai, A2) to be 



2zTp{7ca'){a'y+^+"'{a^,^ + 6„,„)Tr (AiAsAsA'^) 



+{h.^i)ikU2){u + \) + ^(ei.6)(« + \){s + \) 



+ {k-k2r{k-kir + {ki-k)^{krkir + {k3-k2r{k2-kr + {k-k2T{h-kr + (A^s-A^s)" 

Aki-k3r + {k3-k2r{k2-kr) (25) 

where k is the momentum of the off-shell tachyon. There are similar terms which have 
coefficient Tr (A2AiA3A^). Some of the coefficients an,m and hn,m are [21] 



ao,o = — ;r, &0.0 = (26) 
12 

ai,o = 2C(3), ao,i = 0, 60,1 = &i,o = -C(3) 

ai,i = ao,2 = -77rV90, a2,o = -47r790, 61,1 = -vrVlSO, 60,2 = &2,o = -7r745 
ai,2 = a2,i = 8C(5) + 47r2C(3)/3, ao,3 = 0, 03,0 = 8C(5), 

= -4C(5), 61,2 = -8C(5) + 27r2C(3)/3 
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and bn^m is symmetric. 

Now one can write ki-k = k2.k^ — [k"^ + m^)/2 and k2-k = ki.ks — (/c^ +m^)/2. The 
terms fc^ + in the vertex fl25|) will be canceled with the k"^ + in the denominator of 
the tachyon propagator resulting a bunch of contact terms of one RR, two gauge fields and 
one tachyon in which we are not interested. Ignoring them, one finds the following tachyon 
pole : 



Jo-'-ip ff . . CO ^ 

P [p + l)\{s' + t + u') „,tlo^ 



- t{ks.^2){ks.^i) + {kUiKk,.^2)s' + {kU2){k,.^i)u' + (ei-6)^«V 



(27) 



where u' = u + 1/4 = —a'k2-k^ and s' = s + l/4 = —a'ki-k^. The above amplitude should 
be compared with the tachyon pole in fl22l) . Let us compare them for some values oin,m. 
For n = m = 0, the amplitude (1271) has the following numerical factor: 

2 2 

- 8(ao,o + Vo) = -8(^ + ^)=27r2 

Similar term in fl22|) has the numerical factor (27r^co^o) which is equal to the above number. 
At the order of a', the amplitude (1271) has the following numerical factor: 

-4(ai,o + ao,i + &i,o + &o,i)(s' + m') = 

Similar term in (|22l) is proportional to 7c'^cifi{s + u + 1/2) which is zero. At the order of 
(a')^, the amplitude (|27|) has the following factor : 

-8(ai,i + 6i,i)(s')(m') - 4(ao,2 + a2,o + &o,2 + &2,o)[(s')^ + (m')1 
= ^(2.V) + |^(s'^ + n'^) 

Similar term in (l22l) has numerical factor 7r^ci^i(2s'u') + 7r^(c2,o + Co,2){s''^ + w'^) which is 
equal to the above factor using the coefficients (1201) . At the order of a'^, this amplitude has 
the following factor : 

-4(a3,o + ao,3 + ^0,3 + hM^T + i^T] - 4(ai,2 + a2,i + &i,2 + &2,i)[(s')(^x')(5' + u')] 
= -lQ7r^^{3)s'u'{s' + u') 

which is equal to corresponding term in (1221) . i.e., vr^(co,3 + C3_o)[(s')^ + {u')^] + vr^(c2,i + 
€1,2) s'u' {s' + u'). Similar comparison can be done for all order of a'. Hence, the field theory 
amplitude (l27j) reproduces exactly the infinite tower of the tachyon pole of string theory 
amplitude (|22l) . This indicates that the momentum expansion of the amplitude CAAT is 
consistent with the momentum expansion of the amplitude TTAA found in [2Tj . 
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3.3 p = n + 1 case 

We finally consider the case p = n + 1. Only A2 in ( |T6ll is non-zero for this case. The trace 
in this amplitude is: 

Substituting this trace in A2, one finds 

+2iU2hiMv-r)Li + ( - 2A;3.eiA:2^,_i6.,^2 " ^ ^ 2)| (28) 

where again we have normalized the amplitude by (/ip/J'vr^/^). Apart from the group factor 
the amplitude is antisymmetric under interchanging the gauge fields, so the whole amplitude 
is zero for abelian gauge group. The amplitude satisfies the Ward identity. The first six 
terms have contact terms as well as massless pole in t-channel and the last two terms in 
fl25]) have contact terms as well as tachyon poles in s-channel and u-channel. We are going 
to analyze all order of the tachyon/massless poles and the leading order and next to the 
leading order contact terms in this section. Let us study each case separately. 

3.3.1 Tachyon pole 

We first consider the tachyon pole. Replacing (fT9|) in above amplitude, one finds the 
following tachyon poles: 

^^^^^ = T^^^(27r3/2)(/.;/3VV2)Tr(A,A2A3)i/.o....,_,e--^ (29) 
^ /(n + t + l/4)"+i (s + t+l/4)-+i X 

X T.bn^ jqJY/i ikUl)k2^p.,^2^p ^^^^^ (A^S-^) j 

and some contact terms that we consider them in section 3.3.3. Since ( l29l) is antisymmetric 
under interchanging 1 ^ 2, we consider only the first term. This term should be reproduced 
in field theory by the following Feynman amplitude: 

A = V^-(Cp_2,A2,T)G"^(T)V^(T,r3,A0 (30) 
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where the vertices can be found from the standard nonabehan kinetic term of the tachyon 
and from the higher derivative extension of the WZ couphng Cp-2 A F A DT found in [1] 
(equation (16) of [4J), i.e., 

V^{T,n,Ai) =tTp{27ra'){h - k) .^^Ti (X^XiA^) 

yP n=-l 

where k is the momentum of the off-shell tachyon. Note that the vertex V^{T,T3, Ai) 
has no higher derivative correction as it arises from the kinetic term of the tachyon. The 
amplitude ( l30l) then becomes 

A = 4/x;/3-(27raO' (^ _ ^ i^ Tr (AiA2A3)6-» -'''g.o-^.-.fe2.,_,6^,(A:3.ei) 

n=-l ^ ^ ^ 

which is exactly the tachyon pole of the string theory amplitude f l29|) . 
3.3.2 Massless pole 

We now consider the massless pole. Replacing the expansion of Li into (!28l) . one finds the 
following massless pole in t-channel : 

^^^^^ = ±^p^Tr(AiA2A3)i/.o....,_,6'--'^ E &„(« + ^ + l/2)"+^[2fc2.eifc2.,_,6v 



t{P -J- n=-l 
-2A;i.^2^1tp_l^Hp + 2A;i.^2^1jp_ifc2ip + 2/C2-^1^2ip^Hp_i + 2^i.^2fcHpfc2ip_i 



(31) 



and some contact terms that we consider them in section 3.3.3. In field theory, the massless 
pole is given by the following Feynman amplitude : 

A = V:{C,.2,Ts,A)G%{A)V^{A,A^,A,) (32) 

The vertices and propagator are 

V^{Cp.2,Ts,A) = 2/i;/?'(2W)2-— — e^»-^-^^i/.„....^_,Vi E &n(«'fc3 ■ A;)"+^Tr (A3A") 

yP n=-l 

V^{A, A,, A,) = -zT,(27ra')'Tr (AiA2A^) mk, - k).^, + ii{k - k,).^, + ^..^k^ - k,y] 
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where k is momentum of the off-shell gauge field. Here again the vertex V^(Cp_2, ^3, A) has 
been found from the higher derivative extension of the WZ coupling Cp_2 A F A DT that 
has been found in [1]. Note again that the vertex V^{A, Ai, A2) has no higher derivative 
correction as it arises from the kinetic term of the gauge field. Replacing them in the 
amplitude (l32l) . one finds 

A = (2W)2 J^6^--^-^^i/.,...,_,Tr (Ai A2A3) (y ) {S + U + l/2)"+i 



X (^2(A;2.6)^iv-i6i - 2(/i;i.6)^iip-i^ii - 2(^1.6) Wi^i^ + 2(A;2-^i)6i^2ip_i 

-2{^U2)h^p.M^) (33) 



where we have used J2a ^tj^ti — ^ik^ji- This is exactly the massless pole of the string theory- 
amplitude (|3T]) . This indicates that the momentum expansion of the S-matrix element 
CAAT in this paper is consistent with the momentum expansion of the S-matrix element 
CAT found in H]. 

3.3.3 Contact terms 

Replacing ([T9|) into fl28l) . one finds the following contact terms at leading order and next to 
the leading order: 

^^-"^'^ = T^^^(/i;/5V2)Tr (AiA2A3)//.o....,_,e^«-^''{6v6v-i " y (2A:2.eifc2.,_,6v 
— 2A;i.^2^iip_i^iip + 2A;i.^2^iip_i^2ip + 2/1:2. ^i^2jpfcijp_i — t^Up^2ip-i 

+26-6^Hpfc2Vi j + 2(s + M + 1/2)J + -^eiip6ip-i(s + « + 1/2)' 

+ (^Y^■U^^2^p.,^2^p [2(t + M + 1/4) + s + 1 /4] - [1 ^ 2]) | (34) 

The first term is reproduced by CAAT coupling of the following gauge invariant coupling: 

2/3Vp(27ra)'Tr(Cp_2 AFADT) (35) 

which is exactly given by the WZ terms ([2]) after expanding the exponential and using the 
multiplication rule of the supermatrices [1]. The other terms in flMl) should be related to 
the higher derivative extension of the above coupling. However, there are many other higher 
derivative gauge invariant couplings which have contribution to the contact terms of the 
S-matrix element of CAAT. Comparing them with the string theory contact terms ( l34l) . 
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one can not fix their coefficients uniquely. One particular set of higher derivative gauge 
invariant couplings that reproduce the contact terms in ( IMll are the following: 

^ /3'/i;(2vr«')' 
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tD^FaaD"F,(,D,T + ^FacD^Ff^tD-D^T - ^D^Ffs^FacD^D^T 
-\DaD''D,F,^DpD^T + FaaD^D'^DpDbD.T - \DaD^DpDf F^c^D^T 
+D,D,FaaD^D^D(,T + AD'^DaD.Fp^D^D^T - ^D^F^pD.D^D^D.T 
-DaDPDpD,F,^D^T + 2D,D^DP Fac^DpD.T + D'^D^D.Fp^D^ D^T 
+DaD^Di3FbaD^D,T + iD^D^DpD.FaaDhT 



-\D'^D^Fa,D^DpD,T 



' Co.... 3e^«--^-3'^''- (36) 



(p-2)!^«o---«p-3 



where DaT = dgT — i\Aa, T]. Among the couplings in (!36l) . only the last coupling has non- 
zero on-shell CTA coupling. This coupling has been found in |4j from the S-matrix element 
of one RR, one gauge and one tachyon vertex operators. This coupling has been also used 
in the previous section to verify that the tachyon/massless poles in (l28l) are reproduced by 
the higher derivative couplings in field theory. All coupling in fl36|l are at (a')^ order. The 
next order terms should be at {a'Y order, and so on. 

As we have mentioned in the Introduction section, the WZ couplings can also be found 
using the BSFT. In that framework, it has been argued in [2] when the RR field is constant, 
there is no higher derivative correction to the WZ couplings. So one may expect that the 
above higher derivative WZ couplings should be zero for constant RR field. However, as 
we have mentioned before, the above couplings are valid when pip^ —>■ 1/A. So they can not 
be compared with the pip^ = result of the BSFT. 
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